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ABSTRACT

Let § be a family of holomorphic functions in the unit disk D. Suppose
that there exists a nonzero and finite value a such that for each function
f €% f, f and f" share the value a IM in D. Then the family § is
normal in D. An example shows that a cannot be zero.

1. Introduction and main result

According to Bloch’s principle, many normality criteria can be proved by starting
from Picard type theorems (see [9]). Another approach to normality criteria is
to use conditions known from theorems on sharing values. A first attempt at this
was made by Schwick [10].

Let f and g be two meromorphic functions in the domain U, e € C. If f —a
and g — a have the same zeros in U, then we say that f and g share the value a
IM (ignoring multiplicity) in U (cf. [11]).
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THEOREM A ([10]): Let § be a family of meromorphic functions in the unit disk
D and ay, as, as be distinct complex numbers. If f and f' share ay, as, as IM
in D for every f € §, then § is normal in D.

In this paper, we shall prove

THEOREM: Let § be a family of holomorphic functions in the unit disk D.
Suppose that there exists a nonzero and finite value a such that for each
function f € §, f, f’ and f" share the value a IM in D. Then the family §
is normal in D.

Remark 1: The following example shows that the value a cannot be zero.

Example: Let § = {fn(2) = €™ : n = 1,2,...}. Then the spherical derivative
f#(0) = n/2 = co. Thus § is not normal in the unit disk D by Marty’s criterion.
However, it is clear that f,, f/ and f, share 0, since none of these functions
vanishes.

2. Preliminaries
We shall use standard notations in Nevanlinna theory (cf. {2]). Define

f'A+1"(z) _ _2f"(2)

) V) =) =0 ~ T —a

Then ¥(f(z)) # 0 implies that f # f’.

For convenience, we set

LD(r, f : c1,¢2,¢3,¢4) =c1m ("’ ff—, a) eam (T’ fTI’,>

+c3m (r, }”—f—/-/—a) +cym (r, f)i/a> .

We denote by M a positive number depending on a only, which may have different
values at different occurrences.

LEMMA 1: Let f be holomorphic in the unit disk D and a € C\{0}. Suppose
that f, f' and f" share a IM in D. Then f(2) = a implies ¥(zy) = 0.

Proof: By the assumptions we may suppose that, near 2,

£(z) = a+alz = ) + 5z = 20)* +b(z — 2)* + O((z — )%,
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where b is a constant relating z3. Then we have

f'(z) =a+ a(z — z9) + 3b(z — 20)® + O((2 — %)?),

f"(2) =a +6b(z ~ 20) + O((2 — 20)).
Hence s 0 o
ff‘t-z P _+O(z—z0)

" 1 3b
! t_F O(z — zp).

f’~a z—2

Thus ¥(z9) = 0. The proof of the lemma is complete. ]

LEMMA 2: Let f be holomorphic in the unit disk D. Suppose that f, f' and f”
share a nonzero and finite value a IM in D. If f(0) # a and f"(0) # 0, then

T(rf) <2N <Tv ia) +LD(f:1,2,1,0) + log SO =IO =a)l |/

f |£(0)]
Proof: From the assumptions we see that f'(0) # a. By the first and the second
fundamental theorems,

m(r—l—)-i-m(r———l ><m(r i )+m(ri>+m<r———1 )
"f—a fl—a) ~ "f—a i \f —a

gm( f,,)+LD(f 1,1,1,0) + M

<T(r,f"y+ LD(f:1,1,1, 0)+loglf”(0)| +M
<T(r,f')+ LD(f : 1,2, 10)+log|f,,1( )|+M.
Thus
T(r, f )<N( )+N<T’f’—1—(;)+LD(f:1’2’1’O)
+1og] O - O -all,

|7(0)]
Since f, f' and f"” share the value a, we know that f —a and f' — a have only
simple zeros and

The conclusion follows. |
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LeEMMA 3: Let f be holomorphic in the unit disk D. Suppose that f, f’ and f"
share a nonzero and finite value a IM in D. If f(0) # a, f"(0) # 0 and ¥(0) # 0,
then

T(r,f) < LD(f :3,2,3,2) + log “f(offlé))géé?lf Ny

Proof: From Lemma 1 we see that ¥(z) is holomorphic in D, and

N (r, fia> <N (r, %)

<T(r,¥)+log ———

1
[%(0)]

<LD(f :1,0,1,1) + log —— I‘I’(O)l + M.

This and Lemma 2 yield the conclusion. 1

Remark 2: If f is a nonconstant entire function and f, f’ and f” share a finite
and nongzero value a IM in the plane, then the above lemma implies that f = f'.
This conclusion was already obtained by Jank—Mues—Volkmann [4]. Our proof is
very simple.

The following result is the well-known Zalcman’s principle.

LEMMA 4 ([12]): Let § be a family of meromorphic functions on the unit disk
A. Then § is not normal at z = 0 if and only if there exists a sequence f, C ¥, a
sequence z, — 0 and a positive sequence p, — O such that ¢,(¢) = fn(2zn + pn()
converges locally and uniformly to a non-constant entire function g{({).

LEMMA 5 (see Hiong [3]): If f(z) is meromorphic in a disk |z| < R such that
f(0) #0,00, then, for 0 <r < p <R,

(k)
m <r, f——) < Ck{l +logT log™

+log*
7 g

lf(O)I
1
+log* - +log" p+ 10g+ T(p, f)},

where C}, is a constant depending only on k.

LEMMA 6 (Bureau [1]): Let b1, by and b3 be positive numbers and T(r) a non-
negative, increasing and continuous function on an interval [rg, R), R < oo. If

T(r) < by + by log* ,,—i'; + bz logt T(p)
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for anyrgo<r<p< R, then
T(fr) < B+ 32 10g _—
! R—-r

for rg < r < R, where By and By depend only on b; (1 = 1,2, 3).

3. Proof of the theorem

Suppose on the contrary that the family ¥ is not normal in D. Without loss of
generality, we may suppose that § is not normal at 0. By Zalcman’s principle,
there exist a sequence f, in §, a sequence z,, — 0 and a positive sequence p,, — 0
such that

(2) gn(() = fn(zn + pnC)

tends to a nonconstant entire function ¢g(¢) uniformly on compact subsets of C.
Thus, for any positive integer %,

(3) 9(Q) = pE£F) (2 + puC) = ¢®(C).

If g is a polynomial, then there exists a point wg such that g(wp) = a. By
Hurwitz’ theorem, there is a sequence (,, — wgp such that

gn(Cn) = falzn + pnén) =a forn=1,2,....

Thus

(4) f:;(zn + PnCn) = f::(zn + pnCn) =a

forn=1,2,..., since f,, f. and f” share a. By (3), we have
n n

Q;L(Cn) = pnf:z(zn + pnln) = g’ (wo)
and
QZ(Cn) = Pif,'{(zn + pnln) = 9" (wo).
This and (4) imply that
g'(wo) = g"(wo) = 0.

Thus g(¢) is not a polynomial of degree less than 3.
Now there are two cases to be discussed.
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CASE 1: There is a subsequence {f,,} C {f} such that ¥(f,,) = 0. Then by
(1),
p?;j 1,.,]- (z’nj +anC) +pn] n; (z’n] +pn]<) _ 2p§t, 1/111' (znj +pﬂ]C)
fnj (z"j + p'nj () —a pnj f'rlzJ (znj + pnj C) - pnja'

Thus by (2),
Pn;9n, Q) + 90, (C)  2pn,9n,({)
Gn; ¢)-a B gzlv,j () - QPn; )
Letting j — oo, by (3), we obtain ¢”(¢) = 0, which is a contradiction.

CASE 2: There are only finitely many f,, such that ¥(f,) = 0. We may suppose
that 9(f.) # 0 for all n. Take a point {y such that

(5) 9(Co) #a,0; g'(C) #0;  ¢"(Co) #0.
The same reason as above gives
Pr;9n;(C0) + 9, (Co)  20n,9n,(Co)

gn;(Co) —a .%j (Co) — apn,

g (Co)
(6) ~9G) -a

Piil)(fn(zn + pno)) =

On the other hand,
1 (fn(zn + pnbo) — &) (f1(2n + PnGo) —a) , (9(Go) —a)g'(%0)
Pn frl{(zn + pnCO) g"(CO) )

These two facts imply that

|(fnzn + pro) — a)(fn(2n + Pnlo) — @)
|£2 (2n + pno)¥(frn(2n + PnC0))?|

Forn=1,2,..., put

(1) log

— —00 asn —0o.

hn(z) = fn(zn + pno + Z)'

Let n be sufficiently large. Then h,, is defined and holomorphic on the disk
0 < |z| < 1/2, since 2z, + pnlo — 0. By (5) and (6),

(8) hn(0) =gn(Co) = g(¢o) # a,0,
(9) ., (0) —gn(@ o0,
(10) ' (0) =;12—g;(co) oo,

(11) P(hn(0)) =¥(fn(2n + pnlo)) — 0
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Applying Lemma 3 to h,(2) and using (7) we get
(12) T(r,hy) < LD(r,hy, : 3,2,3,2)

for sufficiently large n. For 1/4 < r < p; < 1/2, let p' = (r + p)/2. By Lemma
5, we have

1 1
LD(r,hy :3,2,3,2) < M{1+41logt logt ———— +log™ log™
( ) < M{1+log* log? [ o+ log" ot
1 1
logt logt ——— + logT ——
T e % or
(13) +log* T(p', hn) +log" T(0', ) }.
Note that
hl
log* T(p', ) <log" T(¢/, hu) +log™ m(s', 32)
hl
<log*t !, ).
(14) <log T(p,hn)+m(p,hn)

Applying Lemma 5 to 0 < ¢/ < p, we have

14
(15) m(p’, Z") <M {1 +log* log*

n

log* T(p, hn) § -
roR A )

It follows from (8)—(15) that
1
T(r, hy) < by + by log™ = +bslogt T(p, hn),
where by, bz and b3 are constants independent of n. By Lemma 6, we obtain
1
T(Zv h’n) S A)

where A is a constant independent of n. Thus f,(z) are bounded for sufficiently
large n and |z] < 1/8. However, from

P2 f2l (zn + pno) = gia(Co) = 9" (Co) #0

we see that f,(z) cannot be bounded in |z| < 1/8. Therefore we get a contra-
diction. The proof is complete. ]
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