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A B S T R A C T  

Let ~ be a family of holomorphic functions in the unit disk D. Suppose 
that there exists a nonzero and finite value a such that for each function 
f E ~, f,  f '  and fl, share the valuea IM in D. Then the fami ly~ i s  
normal in D. An example shows that a cannot be zero. 

1. I n t r o d u c t i o n  a n d  m a i n  resu l t  

Accord ing  to  Bloch ' s  pr inciple ,  many  norma l i ty  c r i te r ia  can be proved by s t a r t i ng  

f rom e i c a r d  t ype  theorems  (see [9]). Ano the r  approach  to  no rma l i t y  c r i t e r ia  is 

to  use condi t ions  known from theorems  on shar ing  values. A first a t t e m p t  at  th is  

was m a d e  by  Schwick [10]. 

Let  f and  g be  two meromorph ic  funct ions in the  doma in  U, a E C. I f  f - a 

and  g - a have the  same zeros in U, then  we say t h a t  f and  g share  the  value a 

IM ( ignoring mul t ip l ic i ty )  in U (cf. [11]). 
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THEOREM A ([10]): Let 3 be a family of meromorphic functions in the unit disk 

D and al, a2, a3 be distinct complex numbers. I f  f and f~ share al, a2, a3 IM 

in D for every f E 3, then ~ is normal in D. 

In this paper, we shall prove 

THEOREM: Let 3 be a family of holomorphic functions in the unit disk D. 

Suppose that there exists a nonzero and finite value a such that for each 

function f E 3, f ,  f '  and f "  share the value a IM in D. Then the family 3 

is normal in D. 

Remark 1: The following example shows that the value a cannot be zero. 

Example: Let 3 = {f~(z) = e nz : n = 1, 2, ...}. Then the spherical derivative 

f~(O) : n /2  --4 c~. Thus 3 is not normal in the unit disk D by Marty's criterion. 

However, it is clear that f,~, f'~ and f "  share 0, since none of these functions 

vanishes. 

2. P r e l i m i n a r i e s  

We shall use standard notations in Nevanlinna theory (cf. [2]). Define 

(1) kO(z) : :  r  -- f ' ( z )  + f " ( z )  2f"(z)  
f ( z )  - a i f (z)  -- a" 

Then ~b(f(z)) ~ 0 implies that f ~ f ' .  

For convenience, we set 

( : ' )  
LD(r,  f : el,  C2, C3, e4) =clm r, ~ + c2m r, f ,  ] 

( + + cam \ r ,  f ,  _ a ]  c4m f - a ]  

We denote by M a positive number depending on a only, which may have different 

values at different occurrences. 

LEMMA 1: Let f be holomorphic in the unit disk D and a E C\{O}. Suppose 

that f ,  f '  and f "  share a IM in D. Then f(zo) = a implies ~(zo) -- O. 

Proof: By the assumptions we may suppose that,  near z0, 

a z0) 2 + b ( z  - z0) 3 + O ( ( z  - zo)4), f ( z )  : a + a(z - Zo) + ~(z  - 
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where b is a cons tan t  re lat ing zo. Then  we have 

f t (z)  =a + a(z - Zo) + 3b(z - zo) 2 + O((z - zo)a), 

f " ( z )  =a + 6b(z - zo) + O( (z - zo)Z). 

Hence 
f '  + f "  2 6b 

- - -  + - -  + O ( z  - z o ) ,  
f - - a  z - - z  0 a 

f "  1 3b 
- - -  + - -  + O ( z  - z o ) .  

f ' - a  z -  zo a 

Thus  q(zo)  = 0. The  proof  of the l e m m a  is complete.  

LEMMA 2: Let f be holomorphic in the unit disk D. Suppose that f ,  f t  and f,r 

share  a nonzero and finite value a IM in D. If f(O) # a and f"(O) # O, then 

T ( r , f ) < 2 N  r, + L D ( f  : l ,2 ,1 ,  O)+log I ( f ( O ) - a ) ( f ' ( O ) - a ) l  
- I f " ( o ) l  + M. 

Proof: From the assumpt ions  we see t ha t  if(O) # a. By the first and the second 

fundamenta l  theorems,  

<_m r, + L D ( f : I , I , I , 0 ) + M  

1 
<_T(r, f " )  + L D ( I :  1, 1, 1, O) + log - -  + M 

lf"(O)[ 
1 

<_T(r, f ' )  + L D ( f :  1, 2, 1, 0) + log - -  + M.  
If"(0)l 

Thus  

T ( r , f )  < X  r, + X r, + L O ( f  : l ,2,1,O) 

[(f(o) - a)(f'(O) - a)l 
+ log + M. 

If"(0)l 
Since f ,  f '  and f "  share the  value a, we know tha t  f - a and f '  - a have only 

s imple zeros and 

T h e  conclusion follows. II 
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LEMMA 3: Let f be holomorphic in the unit disk D. Suppose that f ,  f '  and f "  

share a nonzero and finite value a IM in D. I l l (O)  # a, f"(O) ~ 0 and kO(O) # O, 

then 

T(r,  f )  < L D ( f  : 3, 2, 3, 2) + log t(f(0) - a)(f'(O) - a)l + M. 
- if,,(o) (o)2i 

Proof: From Lemma 1 we see that kV(z) is holomorphie in D, and 

1 
<_T(r, gt) + log I~,(o)1 

1 
<_LD(f: 1,0, 1,1) + l o g ~  + M. 

IWtU) l 

This and Lemma 2 yield the conclusion. II 

Remark 2: If f is a nonconstant entire function and f ,  f t  and f "  share a finite 

and nonzero value a IM in the plane, then the above lemma implies that  f = f ' .  

This conclusion was already obtained by Jank-Mues-Volkmann [4]. Our proof is 

very simple. 

The following result is the well-known Zalcman's principle. 

LEMMA 4 ([12]): Let ~ be a family of meromorphic functions on the unit disk 

A. Then ~d is not normal at z = 0 if  and only if there exists a sequence f,~ C qd, a 

sequence z,~ -~ 0 and a positive sequence Pn --~ 0 such that 9,~(~) = f,~(z,~ + p,~() 

converges locally and uniformly to a non-constant entire function 9(~). 

LEMMA 5 

f(O) # O, co, then, for 0 < r < p < R, 

m ( r , f ( - ~  ) )  ~ C k { l + l o g + l o g  + -  

+ log + 1 
p - - r  

where Ck is a constant depending only on k. 

(see Hiong [3]): I f  f ( z )  is meromorphic in a disk Izl < R such that 

1 1 
I f (o) l  + l ~  - 

+ log + p + log + T(p, f )  }, 

LEMMA 6 (Bureau [1]): Let bl, b2 and b3 be positive numbers and T(r)  a non- 

negative, increasing and continuous function on an interval [r0, R), R < oo. I f  

1 
T(r)  < bl + b2 log + + b3 log + T(p) 

p - r  
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for a n y r 0 < r < p < R ,  then 

1 
T(r )  < B1 + B2 log + 

R ?, 

for r0 < r < R, where B1 and B2 depend only on bi (i = 1, 2, 3). 
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3. P r o o f  o f  t h e  t h e o r e m  

Suppose on the contrary that  the family ~ is not normal in D. Without loss of 

generality, we may suppose that  ~ is not normal at 0. By Zalcman's principle, 

there exist a sequence f,~ in 5, a sequence z,~ --+ 0 and a positive sequence Pn --+ 0 

such that  

(2) 9~(r  = f ~ ( z ~  + p . r  

tends to a nonconstant entire function g(~) uniformly on compact subsets of C. 

Thus, for any positive integer k, 

(3) 

If g is a polynomial, then there exists a point w0 such that g(wo) = a. By 

Hurwitz' theorem, there is a sequence ~,~ -+ wo such that 

g,~(~,~) = f,~(zn + p,~n)  = a for n = 1 ,2 , . . . .  

Thus 

(4) I Z ~'1/(Z f~(  ~ + p~r = j ~ ,  ~ + p~r = a 

for n = 1, 2 , . . . ,  since f,~, f~ and f~' share a. By (3), we have 

i P Z gn(~n) = Pnf~(  n + PnCn) --4 g'(wo) 

and 

9;~(r 2 ,, = p~f : : ( z~  + pnr ~ g"(wo).  

This and (4) imply that  

g ' ( ~ o )  = g " ( ~ 0 )  = 0. 

Thus g(~) is not a polynomial of degree less than 3. 

Now there are two cases to be discussed. 
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CASE 1: There is a subsequence {f . j}  C {f .}  such that r  - 0. Then by 

(1), 

2=3 t!~ t z 

! Z fn~ (z.~ + p.~ {) - a p,~j f ~  ( .~ + p,~j ~) - p.~ a 

Thus by (2), 
! + - ! !  _ 2 " 

Letting j --+ cx~, by (3), we obtain g!!(~) ~- 0, which is a contradiction. 

CASE 2: There are only finitely many fn such that r - 0. We may suppose 

that  r  ~ 0 for all n. Take a point ~o such that 

(5) g(r # a, o; g'(r # o; a"(r # o. 

The same reason as above gives 

g"(~o) 
(6) ~g (@)  - a" 

On the other hand, 

1 ( fn (zn  + PASO) - a)(f~n(Zn + Primo) - a) 
p.  y ' ( z .  + p,~r 

These two facts imply that 

I(f~(zn + p,r - a)(Y(z~ + Pnr - a)l 
(7) log 

I fg(zn + p n r 1 6 2  + p,r 

For n = 1, 2 , . . . ,  put 

h , ( z )  = A ( z ,  + Pn@ + z). 

2 i! p,~ja,,~ (6) 

~'~ (6 )  - apn~ 

(g(@) - a)g'(~o) - i  

g"(r 

--~ --(30 a s / t - i f ( x ) .  

Let n be ,sufficiently large. Then hn is defined and holomorphic on the disk 

0 < [z[ < 1/2, since z,~ + P,~r --+ 0. By (5) and (6), 

(S) 

(9) 

(10) 

(11) 

h~(0) =gn(~o) -~ g(~o) ~ a, 0, 
1 r h'(O) =T.  gn(~o) - i  o0, 

1 H "  " h'.'(0) =~a. (<o)  - i  o0, 

r =r + p.r - i  ~ .  
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Applying L e m m a  3 to hn(z) and using (7) we get 

(12) T(r, ha) < LD(r, ha : 3,2 ,3 ,2)  

for sufficiently large n. For 1/4 < r < Pl < 1/2, let p' = (r + p)/2. By Lemma 

5, we have 

{ 1 1 
LD( r ,  ha : 3, 2, 3, 2) < M 1 + log + log + iha(0) _ at + log + log + [h~(0)-------~ 

+ log + log + 1 + log + _ ~ 1  
Ih~(0) - a I p' - r 

+ log + T(p', hn) + log + T(p', h~)}.  (13) 

Note that 

(14) 

Applying L e m m a  5 to  0 < p~ < p, we have 

(15) m(p', h"~ < M { l + log+ log + 1  
ha,/ - Ih~(O)t 

It follows from (8)-(15) tha t  

log + T(p', hln) < log + T(p', ha) + log + rn(p', 
- hn] 

< log + T(p, ha) + ,~(p', h'~ 
- h a , / "  

+ log + 1 } p _ p------7 + l~ + T(p, ha) �9 

T(r, ha) <_ bl + b21og + 1 - -  + b3 log + T ( p ,  ha), p - r  

where bl, b2 and b3 are constants  independent  of n. By Lemma  6, we obtain 

T(~,ha) < A, 

where A is a constant  independent  of n. Thus  fa(Z) are bounded for sufficiently 

large n and Izl < 1/8. However, from 

2 I I  
= 9"(r  PnI~ (za + Pa@) -4 g"(r r 0 

we see tha t  fa(Z) cannot  be bounded in [z[ < 1/8. Therefore  we get a contra- 

diction. T h e  proof  is complete.  | 
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